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A new class of realisations of the Lie algebra so(q, 2n - q )  

Burdikt 
Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141 980 Dubna, 
USSR 

Received 30 December 1986, in final form 19 June 1987 

Abstract. The method for constructing boson realisations of semisimple Lie algebras 
formulated in our previous paper is applied to the case of s0(9,2n - 9) ,  9 = 2 , 3 , .  . . , n. 
The realisations are expressed by means of certain recurrence formulae in terms of (2n - 2 )  
boson pairs and generators of the subalgebra g1( 1, R ) O s 0 ( 9  - 1,2n - 9 - 1). They are 
skew-Hermitian and Schurean. 

1. Introduction 

Canonical (boson) realisations of Lie algebras are used for studying physical systems 
with symmetries in the framework of the canonical formalism (see, e.g., Barut and 
Raczka 1977). They are especially useful in connection with the method of collective 
variables, e.g. in nuclear physics (Moshinsky 1984). Moreover, they play a role in 
purely mathematical investigations (e.g. in connection with the models for su(3) in 
terms of so(n,  2) and so*(2n) algebras (Le Blanc and Rowe 1986)). 

In a recent paper (Burdik 1985) the method of constructing realisations for an 
arbitrary real semisimple algebra g was presented. It was shown that any induced 
representation can be rewritten as the so-called boson representation. The construction 
starts from a decomposition g = n:Og,bO n b  of g, which is a simple generalisation of 
the triangle decomposition (Dixmier 1984); it employs substantially induced representa- 
tions (Zhelobenko and Stern 1983) of g with respect to a suitable representation (+ of 
the subalgebra g,bOnb. It has been proved that the method gives realisations which 
possess two properties permitting their application in the representation theory. They 
are skew-Hermitian and Schurean. 

In subsequent papers (Burdik 1986a, b )  we have applied this method to the Lie 
algebras gl(n + 1, R) and sp( n, R). In the case of the algebras gl( n + 1, R) we have 
constructed recurrence formulae which give realisations of gl( n + 1, R) in terms of 
r (  n + 1 - r )  canonical pairs and generators of the subalgebra g1( r, R) Ogl( n + 1 - r, R) 
for r = 1 ,2 , .  . . , n. For the sp(n, R) we have obtained recurrence formulae in terms of 
r ( 2 n  - i r  + f )  canonical pairs and generators of the subalgebra gl( r, R)Osp(  n - r, R). 

In  the present paper, we apply the method of Burdik (1985) to the case of algebras 
so(q, 2n - q )  which are the real forms of the complex algebras so(2n, C). We use the 
explicit forms of the triangle decompositions for the construction of this real algebra 
which we have previously constructed (Burdik 1 9 8 6 ~ ) .  We obtain recurrence formulae 
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which give realisations of so(q, 2n - 4 )  in terms of 2 n  - 2 canonical pairs and generators 
ofthe subalgebra gl( 1, RjOso(q - 1 , 2 n  - q - 1). The resulting realisations are Schurean 
and skew-Hermitian. The calculation can be adapted easily for the algebras 
so( q, 2 n  + 1 - q )  also. 

The paper is organised as follows. All necessary prerequisites are listed in § 2 while 
Q 3 contains the main results. Here the new wide families of realisations are derived. 
In $ 4  the results are discussed and, in particular, a comparison is made with the 
realisations which were derived by Exner and HavliEek (1977). 

2. Preliminaries 

The Weyl algebra W,,v is the associative algebra over C with identity generated by 
2 N  elements, p r ,  q,, where i = 1, 2, , . . , N, which satisfy the relations 

[Pl, 4,l = 68, [Ply PJ]  = [qll qJ1 = (1) 

forany i , j = 1 , 2  , . . . ,  N. 

more, L i ( g ) ,  U(&,) are the enveloping algebras of these complexifications. 
Let g, go be real Lie algebras. By g, go we denote their complexifications. Further- 

DeJinition. A realisation of a Lie algebra g is a homomorphism 

T : g +  wz,@U(go). 

The homomorphism 7 extends naturally to the homomorphic mapping (denoted by 
the same symbol 7 )  of the enveloping algebra U ( g )  into W 2 N @  U ( & ) .  

DeJinition. Let Z(g )  be the centre of U ( g ) .  A realisation is called Schurean or 
Schur-realisation if all central elements C E Z ( i )  are realised by 10 CO where the CO 
are central elements of the enveloping algebra U(g',,). 

In view of possible applications to the representation theory we introduce the involution 
'+ '  in W,, by means of the following relations: 

4: = -4, 

P: = P, 
for i =  1 , 2 , .  . . , N. 

Similarly, the involution '+ '  on ti(&) is defined by 

y + = - y  for Y E g o .  

These involutions define naturally an involution on W,,  0 U(g0) :  
/ \ +  

where II, E W,, and gJ E U(i0).  

DeJinition. Let g be a real Lie algebra and let '+ '  be the involution on W,, 0 U ( g o )  
described above. A realisation T of g on W,,,,@ U ( g 0 )  is called skew-Hermitian if 
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for all elements X E g the following relation holds: 

(7(X))+ = -7(X). (4) 

The algebra so(2n, C) is the n ( 2 n  - 1)-dimensional complex Lie algebra with the 
standard basis L,,, i,j = 1, 1 2 ,  . . . , i n ,  the elements of which obey 

L,, = - L-,.-, ( 5 )  

( 7 )  

In  appendix 1 we have specified an explicit form of the automorphisms which give 
the real forms of this algebra. Using these automorphisms we obtain for the algebras 
so( q, 2n - q )  the following basis: 

Ls, 

xa, = (Lop - L,, 1 

Yo, = i (  Le, + L,, ) 

x,, = (L,, + &,-e) 

y,, = i ( L o  - Ly.-o) 

w h e r e s , r = * l , * 2  , . . . ,  * q a a n d c r , / 3 = * ( q + l ) , * ( q + 2 )  , . . . ,  fn. Thecommutation 
relations in this basis are introduced in appendix 2 .  

For b = L,,  we define a decomposition of the algebra so(q, 2n - q )  as 

g = n:@g,b@nb 

n, = R{X E g; [b, X I  = a,X where ax > 0} 

g,b = W{ x E g ; [ b, XI = O} 

n! = W{X E g;  [b, XI = -axX where a ,  > O}. 

h 

(8) 

We use these decompositions as a starting point for our construction (see also Burdik 
1985, 5 4). 

3. Construction of realisations 

Using the commutation relations (see appendix 2 )  we can bring the decomposition 
(8) into the form: 

n: = WL,,, XIo, Yl0) 

gob=wLII, L,, ,XoP, ye,,x,,, Ym} (9) 

n ~ = W L , 1 , X o , ,  YOl) 
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LIZ L13 . ' .  Llq 

LI.-2 LI,-3 . ' .  L - q  

Xl,q+l Xl,4+2 . . . XI, ,  
YI,q+l XLq-2 . . ' Y1.n 

(10) ' 

n: n:  . . .  n f  
n - 2  n - 3  . . .  n - q  

n r + 2  . . .  n :  nq-tl 

n q + l  nq+' . . .  n ,  

L L L 

X 

X Y Y 

,I ' " Y  
= (LY;t,. . . , L;$)(L;;Y2,.  . . , L " L y  I , - q  )(x":+l I , q + l , .  . . 1 x;,x ( yl,;yl,. . . 3 y1; 

where of course n: ,  n: ,  n z  belongs to No, the set of all non-negative integers. 

n:  . . .  n,' 

n! ,  . . .  n-4  
n r A l  . . .  n ,  
nqY+, . . .  n ,  

x 
Y 

Now we are able to apply the general construction described in Burdik (1985). Let 
IT be an auxiliary representation of the algebra g,bOnb on a vector space V such that 

0 U, 

a ( n b )  = 0 

a(g,b) is faithful. 

ci: 

We denote by W the carrier space of the induced representation p = ind(g, a ) .  If 
v l , .  . . , ud is a basis in the space V, then the vectors 

n: . . .  n i  . . .  
L L L n -? . . .  n - ,  . .  . 

n f + l . .  . n ,  . . . n ,  
n q + l  . . .  n ,  nq+l . . .  

X n k ,  x @ U , =  x n - q  @ U ,  n , , ,  . . . n? + 1 . . . n :  
Y Y Y 

form a basis W. 

following way: 
We define the creation and annihilation operators ci:, a: on the space W in the 

. . .  I n t  

and similarly we define the operators cik, a:, ci), a: and cif , ,  a ! ,  for any a = 
( 4 1 1 )  , . . . ,  n ;  i = 2 , 3  , . . . ,  q. F o r a n y a = ( q + l ) , ( q + 2 )  , . . . ,  weput  

-x - - x  ci?', = - a ,  - Y  a-, x = -a ,  X aya = -a:. a-, - a, 
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Z = l O a ( X ) .  (146)  

According to theorem 1 of Burdik (1985) the induced representation p = ind(g, (r) 
can be rewritten using the operators (14a,b) defined above. We get the formulae 

n 

a = q + l  

L x x  Y Y  + c.(X, , )a ,X+a(Y2,)a,Y-d_,(6,a,  +d ,a , ) .  

We obtain the representation of the remaining generators using the commutation rules 
(see appendix 2) .  

Now the skew-Hermitian realisations sought are obtained easily by replacing the 
operators in the above expressions by suitable algebraic objects: 

B + q  

Q + P  (16) 

u ( X )  + x. 
For details, see Burdik (1985, § 3). They are given by the formulae 
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The element b = L , ,  has the same meaning as the element b from Burdik (1985). 
Therefore, we can apply theorem 3 of that paper to the realisations (17) thus obtaining 
the following proposition. 

Proposition. 7 are Schur-realisations of so( q, 2n  - q )  in the W2,v 0 
U ( g l ( l , R ) O s o ( q - 1 , 2 n - q - l ) ) .  

4. Discussion 

Explicit forms of realisations for so( n, 2) have been constructed by Le Blanc and Rowe 
(1986) using the method of coherent state representation. These realisations are defined 
by means of n canonical pairs and generators of a subalgebra so(n)Oso(2) .  Another 
class of realisations has been described by HavliEek and Exner (1977); in their paper, 
realisations of so( m, n )  are given in terms of ( m  + n - 2 )  canonical pairs and generators 
of so( m - 1, n - l )@gl(  1, R). Also the realisations given in the present paper are similar 
to those given explicitly in the papers mentioned, but we cannot give explicitly the 
relation which transforms these realisations from one to another. 

Appendix 1 

For any q = 1 , 2 , .  . . , n we define linear mappings 8, on 2 in this way: 

eq(Lv) = -Lrv 

e q ( L )  = - L , x  

6, (La,@ 1 = Lo, 

8JLa 7 )  = -l& 

w h e r e s , t = * l , * 2  , . . . ,  * q a n d a , p = + ( q + l )  , . . . ,  in. 
For n = 2 q  + 1 odd we define further 

@’(L) = ~ r + q , . , + , ,  

8 ’ ( L , r + q l )  = & + q , , ,  

@ ’ ( , ! - r , a )  = - L + q , . c t  

e’ (JL , )  = L a  

e ‘ (L+ , , . r )  = L , r + q ,  

e ’ ( L + q , . a )  = L,, 

where s, t = il, 1 2 , .  . . , 1 4 ,  Q = i n  and qs = q sgn s, and consequently for n = 2q even 
we define 

8”(L,,r) = L q , , r t y ,  

8 ” ( L , r + q 8 )  = L+,. I e”(L<+q,,r)  = Lr,r+q, 

where s, t = * l ,  ~ 2 , .  . . , 1 4 .  
Using the antilinear mapping 

$(L,k) = -Lkt 

we can give for any linear mapping 8 

g, = { X  E g, 8 0 $ ( X )  = X } .  
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Theorem. The linear mappings e ' ,  e'', are Cartan automorphisms on  i. Further, 
the algebras go,, ge,, are isomorphic so*(2n) and the algebra g , ,  is isomorphic 
so(q, 2n - q )  for any q = 1 , 2 , .  . . , n. 

Pro05 The proof is straightforward. See Helgasson (1962) for the method and Burdik 
( 1 9 8 6 ~ )  for detailed calculations in this case. 

Appendix 2 
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